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1. INTRODUCTION

The algebra 2 of polynomials in a single variable x provides a simple
setting in which to do the “polynomial” calculus. Besides its being an
algebra, one of the nicest features of # is that it is closed under both
.differentiation and antidifferentiation. That is to say, the derivative of a
polynomial is another polynomial, and the antiderivative of a polynomial
is another polynomial (provided we ignore the arbitrary constant).

Furthermore, within the algebra #, we have the well-known binomial
formula

(x+a)y'= Y, (Z) ax""%  neZ n>0. n

k=0

. This formula may have been known as early as about 1100 AD, in the
works of Omar Khayyam. (Euclid knew the formula for n=2 around
300 BC). To be sure, the formula, as we know it today, was stated by Pascal
in his Traité du Triangle Arithmétique in 1665.

But now suppose we wish to include the negative powers of x in our
setting. One possibility is to combine the positive and negative powers
of x, by working in the algebra &/ of Laurent series of the form

n
Y apx*
k= —o
The algebra o/ is certainly closed under differentiation, and there is even
a binomial formula for negative integral powers,

(x+a)"= Y <n> ax"*,  neZ n<0, 2)
k=0 k
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due to Newton, which converges for |x| > |a|. (The binomial formula also
holds for noninteger values of n, but we restrict attention to integer values
in this paper.)

The algebra &/ does suffer from one drawback, however. It is not closed
under antidifferentiation. For there is no Laurent series f(x) with the
property that Df(x)= x"'. To correct this problem, we must introduce the
logarithm log x. As we will see, doing so produces some rather interesting
consequences. For it leads us to introduce some previously unstudied
functions, which Loeb and Rota have called the harmonic logarithms. We
also obtain a generalization of the binomial coefficients, and the binomial
formulas (1) and (2), which holds for all integers n. This generalization is
called the logarithmic binomial formula, and has the form

oo

A0 +a)=Y [Z] A9 (a) x*, (3)

k=0

where n is any integer, ¢ is any positive integer, and the functions A9(x)
are the harmonic logarithms. When =0, formula (3) reduces to the
traditional binomial formula (1), and when =1 and n<0, formula (3)
becomes formula (2). However, for t=1 and n >0, or for > 1, we get new
formulas. The coefficients
n
4

are generalizations of the binomial coefficients (;), and are defined for all
integers n and k. Loeb and Rota refer to these as the Roman coefficients.

The first thorough study of the harmonic logarithms was made by Loeb
and Rota [3]. Our goal here is to report on some of the more basic aspects
of this study.

Before beginning, let us set some notation. The symbol D is used for the
derivative with respect to the independent variable. Also, if P is a logical
relation that is either true or false, we use the notation (P), due to Iverson,
to equal O if P is false and 1 if P is true. For example,

x| =x - (=)<

2. THE HARMONIC LOGARITHMS

We begin by letting L be the set of all finite linear combinations, with
real coefficients, of terms of the form x‘(log x)’, where i is any integer, and
j is any nonnegative integer. That is, L is the real vector space with basis
{x'(log x)’|i, je Z, j>0}. Under ordinary multiplication,

x'(log x)7 - x*(log x)* = x'**(log x)’ **,
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L becomes an algebra over the real numbers. Furthermore, the formula
Dx'(log x)’ = ix'~!(log x)’ + jx'~ '(log x)’ 1 4)

shows that L is closed under differentiation, and the formulas

D-l 11 o i+1 Jj_ .t —1.,.i j—1 . _
x‘(log x) i+1x (log x) i+1D x'(log x)' 4, i#—1
) (5)
D_lx“‘(logx)j=-j—_*—_—1(logx)j+1

can be used to give an inductive proof showing that L is closed under
antidifferentiation. In fact, we can characterize L as follows.

PROPOSITION 2.1. The algebra L is the smallest algebra that contains
both x and x~', and is closed under differentiation and antidifferentiation.

Formulas (4) and (5) indicate that, while the basis {x‘(log x)’} may be
suitable -for studying the algebraic properties of L, it is not ideal for
studying the properties of L that are related to the operators D and D1
To search for a more suitable basis for L, let us take another look at how
the derivative acts on powers of x. If we let

x" for n=0
AS’O)(X)={0 for n<0

then the derivative behaves as follows,
DiO(x)=nA® (x),

for all integers n. Thinking of the functions A)(x) as a doubly infinite
sequence, as shown in Fig. 1, we see that applying the derivative operator
D has the effect of shifting one position to the left, and multiplying by a
constant.

Let us introduce the notation

n for n#0
I‘n.]_{l for n=0.

=90 e D AW AP0 M AP -

0 0 0 1 x P x°

FIGURE 1
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Then the functions A”)(x) are uniquely defined by the following properties:
(1) AP(x)=1
(2) 49(x) has no constant term for n#0
(3) DAO(x)=[n112 (%)

Note that the antiderivative behaves nicely on the functions 1{’(x), except
when applied to 4@ (x). With the understanding that D' produces no
arbitrary constant terms, we can write

1 1(0)
DAI'u‘O)(x): n+1 n+1

0 for n=—1.

(x) for n# —1

Following these guidelines, we can introduce a second row of functions
A(x) into Fig. 1, by starting with 1§(x)=1log x, and using conditions
similar to conditions (1)—(3). In particular, the conditions

(4) A((x)=logx
(5) AY(x) has no constant term
(6) DAP(x)=Ln14%2,(x)

uniquely define a doubly infinite sequence of functions 4{"(x), as shown in
Fig. 2.

This figure makes it rather easy to guess the general form of the
functions A{(x).

PROPOSITION 2.2. The functions ."(x), uniquely defined by conditions
(4)-(6) above, are given by

x"(log x—h, for n=0
ii’l)(x)={x" * ) for n<Q

where h,=1+1/2+1/3+ --- +1/n for n>0 and hy=0.

Rowr Q0 29w W00 M P W 20 x)
0 0 0 1 x x* x3
rowe A Mo e P AP e X(x)
x~3 x~? x7t logx  x(logx-1) x(logx-1-1) x3(log x-1-1-3)---

FIGURE 2
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Proof. Conditions 4 and 5 are clearly satisfied. As for condition 6, for
n <0, we have

Dx"=nx""'=|n]x""'
For n>0, we have

Dx"(log x —h,)=nx""'(logx—h,)+x" !

1
=nx""! <logx——h,,+;>
=nx""'(logx—h,_,)
=|ln]x""t(logx—h,_,).

Finally, for n=0, we have

D(logx)=x"'=[0T7x"" |

Note that the behavior of D~! on the functions A{"(x) is even nicer than
it is on the functions A”(x), for assuming no arbitrary constant, we have

DM (x)=

(1)
Ln+ l—l A’n+1(x)'

The vector space formed by using the functions A®(x) and A{)(x) as a
basis is closed under differentiation and antidifferentiation, but it is not an
algebra. (The functions (log x)’, for > 1, are not in this vector space, for
instance.) This prompts us to enlarge our class of functions as follows.

DeriNiTION.  For all integers » and nonnegative integers ¢, we define the
harmonic logarithms A{(x) of order t and degree n as the unique functions
satisfying the following properties:

(1) A§(x)=(log x)’
(2) A9(x) has no constant term, except that 1{(x)=1
(3) DAP(x)=LnT AL ().

This definition allows us (at least in theory) to construct the harmonic
logarithms by starting each “row” (that is, the harmonic logarithms of a
fixed order) at A{’(x)=(log x). Then we differentiate to get 1{’(x) for
n<0, and antidifferentiate to get 1¢)(x) for n>0. In fact, with the usual
understanding about D!, we can write

2)(x)=a, D~ "(log x)’ (6)
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where the a,,, are constants. In order to determine these constants, we first
observe that according to Property (1) of the definition,

(log x)* = A{(x) = a,, (log x)’
and so a,, = 1. Property (3) tells us that
Lna,_ D" “(log x)' = n1 2 ,(x) = DA(x) =, D"~ "(log %)
and so
a,.=|nla,_,
Thus, for n >0, we have
a,,=na,_;,=nn—1)a,_,,= - =n(n— 1)---(1)ay,=n!,

and for n<0,

a. = At 1,1 _ Qny2,: = A+ (—n),t
mT 1] Ln+1r+21 La+10e+27--Ln+(=n)]
1 1
Tlntn+21--101 (n+D(n+2)-(—1)
1 (-1~ !

DY) (= (=n=1) (—a=1)!

This leads us to define, for all integers n,

n! for n=0
LnTt=< (=)=~
Y for n<O.

Loeb and Rota have called | n7]! the Roman factorial. The notation La!
was suggested by Donald Knuth. Thus, we have a, ,=|n7!, and Eq. (6)
gives us the following proposition.

PROPOSITION 2.3. The harmonic logarithms have the form
AO(x)=|nT' D~ "(log x)".

Proposition 2.3 can be used to derive an explicit formula for the
harmonic logarithms. Since this formula is a bit involved, however, we
postpone it until later. First, we want to study the numbers | n]! and derive
the logarithmic binomial formula. We should mention now, however, that
the harmonic logarithms 4{(x) form a basis for the algebra L.
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3. THE NUMBERS | n']!

Some values of | #']! are given in the following table:

n -6 -5 —4 -3 -2 -1 01 2 3 4 5
1 1 1 1

I — - = 1

LnT =5 5 : 3 1 1 1 1 2 6 24 120

It is well known that n!=1I(n+ 1), for n >0, where I'(z) is the Gamma
function. The numbers | »7]! can also be expressed in terms of the Gamma
function.

ProrosiTiON 3.1.  For all integers n,

I'n+1) for nz=0
Ln1'=9 Res r(z) for n<o.
z=n+1

Proof. The case n>0 is well-known, and we use it to prove the case
n <0. Since

Iz ri-z)= sin nz

we have, for n<0,

T
I'(1—2z)sinnz

z=n+1 zon+1

Res I'(z)= lim (z—n—1)I(z)= lim 1(z—n—l)
zZ-n+

z—n—1 i . 1

= 1
]“(——n)z-»lf.r}u sin nz (—n—l)!z—,lgimcosnz
-1 n+1
~ it 8

The next proposition shows that the numbers | n7]! do behave like the
ordinary factorials.

ProrosiTiON 3.2.  For all integers n,

(@) Lnfl=Ln]n—-17

Ln !
®) L

=|nn—17|n—k+1] for k>0.
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Proof. For (a), if n>0, then | n])!=n!, and the result is well-known.
For n=0, we have |07 0—17!=1-1=1=07!. Finally, if n<0, then
n—1<0, and so

(- 1 (=)' 1 |
—1= =— ==|nl=—=|nl,
L= = T = n (1) Sl =raL
from which the result follows. Part (b) is proved by induction using
part (a). |

The proof of the following result is a straightforward application of the

definition of | n]l.

PrOPOSITION 3.3. For all integers n,
(@) l_n_l!L—n_\!=(_1)n+(n>0) L]
(b) Ln—l!l_—n——ﬂ!=(__1)n+(n<0)_

Proposition 3.2 can be used to prove the following result about the
harmonic logarithms.

PROPOSITION 3.4. For all integers n and nonnegative integers k,

Lt o

K3 x) =
D }‘n (x) Ln—k—" n—-k

(x).

4. THE COEFFICIENTS | 77

From the definition of [ n7!, it is a natural step to make the following
definition. For all integers n and k, we let

nl_ La!
k| Lkl L=k
Loeb and Rota have called the numbers | ;| the Roman coefficients.

The notation | ?7 was also suggested by Knuth, and is read “Roman n
choose k.” Here are some special values of these coefficients:

GH-s L
[j1]=Ln:1]=U—iﬁ’

0 —(_1)k+(k>0)
[k]— Lk




HARMONIC LOGARITHMS 151

The next proposition shows that these coefficients really do generalize the
binomial coefficients.

PrOPOSITION 4.1. Whenever n2k>=0, or k=0>n, the Roman coef-
ficients agree with the ordinary binomial coefficients, that is,

4 I-G:
k|l \k)
Proof. When n=k>=0, we have | n|!=n!, [ k!=k!, and [ n—kT!=

(n—k)!, in which case the result follows directly from the definition. For
k>=0>n, we have

!
LZ]=ﬁ€£ﬁ=%Ln1Ln—1“|---|_n-—k+1_]

1 n
=E(n)(n—1)~--(n—k+1)=<k). |

As the next proposition shows, several of the algebraic properties of
the Roman coefficients are generalizations of properties of the ordinary
binomial coefficients.

ProposITION 4.2. (a) For all integers n, k, and r,

Mﬂnfk]'

(b) For all integers n, k, and r,
[n“k"’_ n] n—r
klir| Lrllk—rl

(c) (Pascal’s formula). For any two distinct, nonzero integers n and

k, we have
[n}_ n—1 + n——l"l
k| | k k—1}

Proof. Parts (a) and (b) are direct consequences of the definition. As
for part (c), the conditions on »n and k are equivalent to the statements
Lnl=n, Lk]=k, and | n—k)=n—k. Hence, using Proposition 3.2, we
have
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Ln—1"|+[n—1"’_ Ln—17! Ln—17"
k k=1 |k i1k T k=17 n—kT!

_ Ln—17 1 1
k=11 n—1—kT (Lk1+Ln—k1>
_ Lr—17! Lx1
k=1 n—-1—k LkLn—k]

__ et _|nm
Lk Ln—k‘]!_[k-" I

Now let us consider some results that do not have analogs for the
ordinary binomial coefficients.

ProPOSITION 4.3.  For all integers n and k, we have

@ 1]

—n n+k+(n>0)+ (k> k-1
o) | Zp]=(-vperreosen) T

(¢) (Knuth’s Rotation/Reflection Law)

+ > —h —_f _ n+(n> —k
] P R

Proof. To prove part (a), we use part (a) of Proposition 3.3,

[Z]Uﬂ - LWLLnnW!_ k! anszlj '— n!

1 (_l)n—k+(n>k)

Tkl Lk—nl  Ln—k]

To prove part (b), we use part (b) of Proposition 3.3,

T e N G Y i L. § | 1
Lk]‘L—kmLk—nm— [n—17 (=1 &0 k]!

(_1)n+k+(n>0)+(k>0) Lk—17]!

Ln—17Lk—n]!

=(=1)rtk+ >0+ (k>0 l.k_ 11.

n—1
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As for part (c), we replace —k by k—1 in part (b), to get

-n_ Atk—1+(n>0)+(k—1<0) k
[k—l—l (=) Ijl—l

Using the fact that (—1)~'+**~1<0=(_1)%*>9"and rearranging, we get
the desired result. |

5. THE LoGAritHMIC BINOMIAL FORMULA

Now let us turn to the logarithmic binomial formula. The next proposi-
tion can be proved by induction using formulas (4) and (5).

PROPOSITION 5.1.  Each harmonic logarithm 1\"(x) is a finite linear
combination of terms of the form x'(log x)’, where i is any integer and j is
any nonnegative integer.

In view of Proposition 5.1, for any positive real number a, we can
expand the function A{’(x + @) in a Taylor series that is valid for |x| <a,
as follows

/lf,”(x+ i Dki(t)(x)]x .k i [k] 1(:) k(a)x

k=0

ProrosiTION 5.2 (Logarithmic Binomial Theorem). For all integers n,

oo

Weera= 3 |7 0@ )

k=0
valid for |x| <a.

Let us first look at the case +=0. Since ¥ ,(a)=a""* for n>k, and
A (a)=0 for n<k, the sum on the right hand side of (7) is actually a
ﬁmte one. Furthermore, since | ;1= (}) when n>k >0, formula (7) is just
the classical binomial formula (1).

Next, consider the case t=1 and n <0. Since

) "(logx h,) for n=0,
An (X) = for n<0,

Eq. (7) becomes, for n <0,

n_ - h n—k k.
(x+a) kgo\‘k_la X
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Interchanging the roles of x and g, and noting that | ;]=(;) when
k = 0> n, we get the classical binomial formula (2). (Proposition 5.2 tells us
only that this is valid for x > a, rather than |x| > a.) Thus, we see that the
logarithmic binomial formula is indeed a generalization of the classical
binomial formulas (1) and (2).

When n >0, we may extend the definition of the harmonic logarithms of
order 1 by taking

200)= lim AM(x)=0.
x>0+

When t=1 and n>0, the piecewise definition of 2(V(x) suggests that we
split the sum on the right side of (7), to get

IW(xta)= Y LZ]Zf,llk(a)xk+ 5 tz1a"_kxk

k=0 k=n+1

n n . ., © n x k
=z, (k) Alda) Xt 3 M@

valid for |x/a| <1, a>0. This form is convenient for determining
convergence on the boundary.

LEMMA 5.3. Let a>0. Consider the series

E LG

(1) For n>0, this series converges for all |x| < a.
(2) For n=0, this series converges for all |x| < a, except x= —a.

Proof. For k>n>0, we have

\\n] I_n_]' _n! (k—n_l)!_(_l)k—n—l n!

ARG A kk—1)---(k—n)’

Therefore, if #n>0, and |x] < a, we have

HE)

and so the series converges. If n =0, the terms of the series have the form

]

n! n!
< <
k(k—1)---(k—n) k(k—1)
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and it is well known that this logarithmic series converges for |x/a| <1,
except at x/a= —1, or x= —a. (See, for example, [2, p.213].) |

Abel’s limit theorem [2, p. 177] now allows us to deduce the following
proposition.

PROPOSITION 5.4. The logarithmic binomial formula of order 1

o

iVx+a)=Y [Z] 2D (a) x*, (8)

k=0

with a >0, is valid.

(1) For |x|<a, when n<0,
(2) For |x|<a, x# —a, when n=0,
(3) For |x| <a, when n>0, where 1{1(0)=0.

Since

h, for n=0
for n<0,

mMy=4
10(1) {1
taking a=1 in (8) gives

AWx+1)=Y [”] AW (1) x*,
k=0 k

For n>0, this is

(x+1)" [log(x+ 1)~ h,]= ¥ <Z>(—hn_k)x"+ 5 [”]x’*

k=0 k=n+1

which is valid for |x|<1, where the left hand side is 0 for x= —1.
Rearranging terms, we get the following expansion.

PROPOSITION 5.5.  For all integers n> 0,
n ‘ n k < n k
(x+1)log(x+1)= ¥ (ho—h, ) x*+ Y x
K=o \K k=n+1 LK

Jor |x| <1, where the left side is equal to O for x= —1.

Setting x = —1 in this formula gives the following beautiful formula.
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COROLLARY 5.6. For all integers n>0,
( . 1 )n +1

D

Proof. Setting x = —1 in Proposition 5.5, we obtain

k§+lu1(_l)k ‘kg()(Z)(hn—hn_k)(—l)k

n

k¥ (Z)(—l)ukg(Z)(—l)khn,k

k=0

n

0+(-1r £ ()11 3]

=1

u 1 (n—-1
R (iZ1)

=(—nl)" Z <r;>(_1),-

i=1

aa

(_1)n+1
—'———"n .

Since X7 _ L i (=1 =31 _o(5)(—1)* =0, the resuit follows. [

6. AN ExpriciT FORMULA FOR THE HARMONIC LOGARITHMS

We now turn to the matter of finding an explicit expression for the
harmonic logarithms. Although these functions are ideal with regard to
differentiation and antidifferentiation, their expression in terms of powers
of x and log x is not so simple. (Although it is elegant.)

With the benefit of hindsight, we set

t
fPx)=x" Y (=1) (1), (log x)'~,
j=0
where (1),=t(t—1)---(t—j+1), (t)o=1, and c{ are undetermined
constants. Then we determine the conmstants c¢{’ so that the functions
FW(x) satisfy the definition of the harmonic logarithms. After some
straightforward computations, we are led to the following proposition.
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PROPOSITION 6.1. The harmonic logarithms 1\Y(x) are given by the
Sformula

A0 =x" 3 (= 1) (1), eYlog x)' 9)

j=0

where (t);=t(t—1)---(t—j+ 1), (t)o=1, and the constants c'?’ are uniquely
determined by the initial conditions

1 for n=0

1 for j=0
1) @ =
1) e {0 for n<0

() —
and  (2) ey {0 for j#0

and the recurrence relation (for j>0)

(3) ne ==+ el

The numbers ¢/, defined for all integers # and all nonnegative integers
Jj by conditions (1)-(3), are known as the harmonic numbers. As we will see,
these numbers have some rather fascinating properties. Figure 3 shows
some values of the harmonic numbers.

Note that condition (1) of Proposition 6.1 gives us the Oth row of the
matrix in Fig. 3, and condition (2) gives us the Oth column. Then we can
use condition (3) to fill in the remaining portion of the matrix. For the
right portion, we use condition (3) in its given form. (See Fig. 4a.) For the
left portion, we use condition (3) in the form | n7] c\? | =nc” — Y~ V. (See
Fig. 4b.)

Before discussing the properties of the harmonic numbers, we should
settle the matter of showing that the harmonic logarithms form a basis for

n=0

i v i
j=0—>[--000000111111-
v-l-l -1 -1 -1-1 001 3 4 B o
BT 00 1 oo
R 000 1 % e v e
H-h-E 0 000 1Y+ ¢+
5500000 18 % x x-
0 0 0 000 1« & &

_ g =l i

Columns sum to n Columns approach n

Fi16. 3. Values of the harmonic numbers c$/.
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Yoy

i-1) (i-1)

¢ ¢
¢ /
Ln]cfﬁl —> ncg) lH]cfljzl <« nc(nj)
(a) (b)
FIGURE 4

the algebra L. If we let P, be the sum on the right side of formula (9),
then we have

A(x)=x"-P,,=x"-(cO(log x)' — tcP(log x)' ~ 1 + ---).

Now, according to condition (1) of Proposition 6.1, ¢ =1#0 for n>0,
and so, in this case, P, , has degree ¢ in log x. On the other hand, ¢{”’=0
for n<0. But it is not hard to see from condition (3) in Proposition 6.1
that, for n<0, we have ¢")= —150. Hence, for n<0, P,, has degree
t—1.

In either case, for any given n, the function (log x)* can be written as a
finite linear combination of the polynomials P, ;. Hence, for each n, the
basis functions x"(log x)’ for L can be written as a finite linear combination
of the harmonic logarithms 1{’(x), and so these functions span L. Since the
harmonic logarithms are clearly linearly independent, they form a basis
for L.

Now let us return to a discussion of the properties of the harmonic
numbers. The following initial values of the harmonic numbers follow
easily from the definition.

PROPOSITION 6.2. For the harmonic numbers ', we have (see Fig.3)
(a) (Column 0)

c‘j)={1 for j=0
0 0 for j#0

(b) (Row 0)

o_ |1 for n=20
C =
" 0 for n<O

(¢) (Column 1)
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(d) (Column —1)
V= -6,,
() (Lower left hand wedge)
=0 forn<Oandj> —n.

Let us look more closely at the harmonic numbers ¢\ of nonnegative
degree n>0. Note the beautiful pattern emerging in part (a).

PROPOSITION 6.3.  For n> 0, the harmonic numbers ¢\ have the following
properties.

1
(a) ¢“=m=1+—+—+-~+;

R Sy UL IE ) DRSROVIE Y UM S
3 2 3 n 2 n

rif i (1ed) 41 (1424 D) ]+
3 2 2) 3

1 1 1 1 1
+’—1|:1+§<1+'2‘>+'§ 1+—+§>+
o (teg+ )

n 2 n/]

n

. 1 .
In general, for j>0, c¢=Y -cVU~"h.

i=1 !

(b) (Knuth)

W= (’Z) (—1y=ti

i=1

(c) For each n>0, the sequence c forms a nondecreasing sequence in j,
which is strictly increasing for n> 1. Furthermore, we have, for each
nz0,

lim ¢’ =n.
j— oo
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Proof. For part (a), since n>0 and j> 0, repeated use of condition (3)
of Proposition 6.1, for different values of the indices, gives ‘

A R .
B U1
cnj _ncn] )+c£rjll

1 . 1 X :
—apU-1D 4 - (-1
—ncnj +n_lcn]—l)+c51112

| 1 . . .
=-C;J—1)+ﬁc(1—1)+ Y= e

n—1 n_2

1. 1
=yl ——eym )+

. | .
n_2c£’:21’+ +Tc({_”+c{)”.
But since c¢{’ =0 for j>0, the conclusion follows. Part (b) can be proved
using Proposition 6.1, but we omit the details.

As for part (c), if n=0 or 1, the result follows easily from Proposi-
tion 6.2. For each n>1, we proceed by induction on j. First, we have
cV=h,>1=c9. Assuming that ¢~V >c"~2, part (a) gives

v Loyl .g-a_,0-0
cn =Z_~ci >Z_-cij =cnj

i=1 i=1

and so ¢{ is strictly increasing. Furthermore, for a fixed n, ¢ is bounded,
as can be seen by using part (b):

e <Y <’l'> i7< Y <’;)=2n_1'
i=1

i=1

Hence, the limit S, =lim, , ., ¢}’ must exist and be finite. For n=0 and
n=1, we have

S0= hm c(()j)= hm 5]‘():0

j= j—=
and

Sy =lim ¢{’=lim 1=1.
Jj—o j— o
"
Let us assume that §,_;=n—1. Rewriting condition (3) of Proposi-
tion 6.1, and taking limits, we have

lim (nc’ —c{/=)=lim [ nNc{) = n1S,_,=n(n—1).
j—o

A n—1
j— o
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But since the appropriate limits exist, this can be written

lim nc — lim ¢/~ V=n(n—-1)
i o i~ ®

or
nS,,—S,,=n(n— 1)7
from which it follows that S,=n. |

To discuss the properties of the harmonic numbers ¢! of negative degree
n<0, we first recall some basic facts about the Stirling numbers s(n, j) of
the first kind. These numbers are defined, for all nonnegative integers n and
J, by the condition

x(x=1)---(x—n+1)= i s(n, j) x’.

j=0

It can be shown that the Stirling numbers of the first kind are characterized
by the following conditions (see [1, p. 214]):
s(n, 0) = s(0, j) =0, except that 5(0,0) =1 (10)
s(n, j)=s(n—1,j— 1)+ (n—1)s(n—1, j).

Now we can state the following proposition.

PrOPOSITION 6.4. For n<0Q, the harmonic numbers have the following
properties.

(a) c=—1

In general, for j> 0,

. - 1 .
65,”=——[5,-,1+ y __cgj—l)],

i=n+1

where the sum on the right is 0 if n= —1.
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(b) WV =(=1)Ln! s(—n, j), where s(n, j) are the Stirling numbers of the
first kind.

(c) For each n<0, we have ¢\’ =0 for j > —n, and so only a finite number
of the ¢\ are nonzero. Furthermore, we have

o0 —n
Y cP=Y cP=n.
j=0 j=0

(Contrast this with part (c) of Proposition 6.3.)

Proof. Part (a) can be proved by iteration, in a manner similar to
the proof of part (a) of Proposition 6.3. Part (b) can be proved using
Proposition 6.1, with the help of Egs.(10). As for part (c), the first
statement follows from Proposition 6.2. For the second statement, we start
from the expression, valid for n <0,

x(x—1)---(x+n+1)=Y S(=, j) = T (1) ¢Ox’
j=0 Ln—l!j=0
Setting x = —1, we get
1 &,
(=1(=2)- (== % .
Ln T S,

But by Proposition 3.3, for n<0,
(=D)(=2) - ()Lnl = (=1 L=n La Tt =(=1)" (=1)"Ln]=n,

from which the result follows. |

7. CONCLUDING REMARKS

We have merely scratched the surface in the study of the algebra L and
its differential operators. For example, the harmonic logarithms 1{"(x)
have a very special relationship with the derivative operator, spelled out in
the definition of these functions. Loeb and Rota show that there are other,
at least formal, functions that bear an analogous relationship to other
operators, such as the forward difference operator 4 defined by 4p(x)=
p(x + 1) — p(x). The functions associated with the operator 4 are denoted
by (x){ and called the logarithmic lower factorial functions. In general, the
sequences p'”(x) associated with various operators can be characterized
in several ways, for example as sequences of logarithmic binomial type,
satisfying the identity

poe+a)= 3 | 1] ol i to)
k=0
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We hope that the results of this paper justify speaking of the Roman
coefficients as a worthy generalization of the binomial coefficients. (This
is not to suggest that there may not be other worthy generalizations.)
It would be a further confirmation of this fact to discover a nice
combinatorial, or probabilistic, interpretation of the Roman coefficients,
which, as far as I know, has not yet been accomplished.
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